Abstract. We introduce a model for the spreading of epidemics by long-range infections and investigate the critical behaviour at the spreading transition. The model generalizes directed bond percolation and is characterized by a probability distribution for long-range infections which decays in d spatial dimensions as 1/r d+σ . Extensive numerical simulations are performed in order to determine the density exponent β and the correlation length exponents ν and ν ⊥ for various values of σ. We observe that these exponents vary continuously with σ, in agreement with recent field-theoretic predictions. We also study a model for pairwise annihilation of particles with algebraically distributed long-range interactions.
Introduction
Spreading processes are often encountered in nature in situations as diverse as epidemics [1, 2] , catalytic reactions [3] , forest fires [4] , and transport in random media [5, 6] . Depending on the particular environmental conditions, the spreading process may either continue to spread over the whole population or die out after some time. The essential features of this transition between survival and extinction of the spreading agent may be described by simple stochastic lattice models, which mimic the spreading mechanism by certain probabilistic rules. Usually such models incorporate two competing processes, namely spreading (infection) of nearest neighbors and spontaneous recovery (healing), with or without immunization. The spreading properties depend on the relative rates of the two processes. For example, if the rate for infection is very low, the spreading agent will disappear after some time and the system becomes trapped in an inactive state (or set of states) which is usually referred to as the absorbing state of the model. On the other hand, if infections occur more frequently, the spreading process may survive for a very long time. The main theoretical interest in these models stems from the fact that the phase transition from the fluctuating active phase into the non-fluctuating absorbing state is continuous, and characterized by universal scaling laws associated with certain critical exponents. As in equilibrium statistical mechanics, these exponents allow one to categorize different lattice models into universality classes. Each of these a e-mail: hinrichs@mpipks-dresden.mpg.de universality classes then corresponds to a specific underlying field theory.
The most important universality class for spreading transitions with short-range interactions is Directed Percolation (DP) [7] , as described by Reggeon field theory [8] [9] [10] . In fact, DP covers the majority of phase transitions from a fluctuating active phase into absorbing states. The fundamental properties of DP have been expressed as a conjecture in references [10, 11] . Accordingly a spreading transition belongs to the DP class if (a) the absorbing state is unique, (b) the active phase is characterized by a one-component positive order parameter, (c) there are no other symmetries of the physical system except for spatio-temporal translation and spatial reflection invariance, (d) there is no frozen disorder, and (e) the dynamical rules involve only short-range interactions.
In many realistic spreading processes, however, shortrange interactions do not appropriately describe the underlying transport mechanism. This situation emerges, for example, when an infectious disease is transported by insects. The motion of the insects is typically not a random walk, rather one observes occasional flights over long distances before the next infection occurs. Similar phenomena are expected when the spreading agent is subjected to a turbulent flow. It is intuitively clear that occasional spreading over long distances will significantly alter the spreading properties. On a theoretical level such a superdiffusive motion may be described by Lévy flights [6], i.e., by uncorrelated random moves over algebraically distributed distances.
Anomalous directed percolation, as originally proposed by Mollison [1] in the context of epidemic spreading, is a generalization of DP in which the spreading agent 636 The European Physical Journal B performs Lévy flights. This means that the distribution of the spreading distance r is given by
where d denotes the spatial dimension of the system. The exponent σ is a free parameter that controls the characteristic shape of the distribution. It should be emphasized that σ does not introduce any new length scale, rather it changes the scaling properties of the underlying (anomalous) diffusion process. We are particularly interested in the critical properties of anomalous DP close to the phase transition. As in the case of ordinary DP, we expect anomalous DP to be characterized by the universal critical exponents β, ν ⊥ , and ν . The exponent β is related to the order parameter, the density of active sites n. Since the DP process is controlled by a single parameter p, with the phase transition taking place at p = p c , then close to this transition in the active phase n vanishes as n ∼ (p − p c ) β . At the same time, we expect the spatial and temporal correlation lengths ξ ⊥ and ξ to diverge as ξ ⊥ ∼ |p − p c | −ν ⊥ and ξ ∼ |p − p c | −ν , respectively, on both sides of the transition. Theoretically, one is interested in the dependence of these exponents on σ, whether the exponents are independent from one another, and how they cross over to the exponents of ordinary DP. Some time ago Grassberger [12] claimed that the critical exponents of anomalous DP should depend continuously on the control exponent σ. This was confirmed by estimations of the exponent β based on a coherent anomaly method [13] . Very recently this work has been considerably clarified and extended by Janssen et al. [14] , who have presented a comprehensive field-theoretic renormalization group (RG) calculation for anomalous spreading processes with and without immunization. The aim of the present work is to verify their results numerically. To this end we introduce a model for anomalous DP which generalizes directed bond percolation. In contrast to previously studied models [15, 16] we do not introduce an upper cutoff for the flight distance r, and hence finite size effects are drastically reduced. Extensive numerical simulations are performed in order to determine the critical exponents, which are found to compare favourably with the field-theoretic predictions.
The paper is organized as follows. In Section 2 we first review the known field-theoretic results. In Section 3 we introduce a lattice model for anomalous DP and discuss the role of finite size effects. In Section 4 the numerical results are presented and compared with the field-theoretic predictions. We also discuss the case of anomalous pair annihilation in Section 5.
Field-theoretic predictions
In this section we will summarize some of the fieldtheoretic results which have been derived in reference [14] . First of all let us recall that the Langevin equation for ordinary DP [10] is given by
where the constant τ controls the balance between offspring production and self-destruction, and plays the role of the deviation p − p c from the critical percolation probability. The infection of nearest neighbors is represented by the diffusion operator ∇ 2 , while the nonlinear term incorporates the exclusion principle on the lattice. The fluctuations are taken into account by adding a multiplicative Gaussian noise field ζ(x, t) which is defined by the correlations
In order to generalize this Langevin equation to the case of anomalous DP, the short-range diffusion has to be replaced by a non-local integral expression which describes long-range spreading according to the probability distribution P (r):
The two contributions in the integrand describe gain and loss processes, respectively. Keeping the most relevant terms in a small momentum expansion, this equation may be written as [14]
where the noise correlations are assumed to be the same as in equation (3). D N and D A are the rates for normal and anomalous diffusion, respectively. The anomalous diffusion operator ∇ σ describes moves over long distances and is defined through its action in momentum space
where k = |k|. The standard diffusive term D N ∇ 2 takes into account the short range component of the Lévy distribution. Note that even if this term were not initially included, it would still be generated under renormalization of the theory.
Before summarizing the field-theoretic results, let us first consider the mean-field approximation. As in ordinary DP the mean-field dynamic phase transition occurs at τ = 0, where gain and loss processes balance one another. For τ < 0, the particle density decays exponentially quickly towards n = 0, which is the absorbing state of the system. However, for τ > 0, the stable stationary state now has the non-zero particle density n = τ/λ. Since τ plays the role of p−p c , the mean field density exponent is β MF = 1.
